A graph is strongly perfect if every induced subgraph H has a stable set that meets every nonempty maximal clique of H. The characterization of strongly perfect graphs by a set of forbidden induced subgraphs is not known. Here we provide several new minimal non-strongly-perfect graphs.
Introduction
All graphs in this paper are finite and simple. Let G = (V, E) be a graph. For X ⊆ V (G), G[X] denotes the induced subgraph of G with vertex set X. We say that G contains a graph H if G has an induced subgraph isomorphic to H. For a vertex v ∈ V (G), we let N G (v) = N (v) denote the set of neighbors of v in G. Two disjoint sets X, Y ⊆ V (G) are complete to each other if every vertex in X is adjacent to every vertex in Y , and anticomplete to each other if no vertex in X is adjacent to a vertex in Y . We say that v is complete (anticomplete) to X ⊆ V (G) if {v} is complete (anticomplete) to X.
A clique in G is a set of pairwise adjacent vertices, and a stable set is a set of pairwise non-adjacent vertices. A maximal clique is a clique that is not a subset of a larger clique. A stable set in G is called a strong stable set if it meets every nonempty maximal clique of G. A clique cutset of a graph G is a clique K such that G \ K is not connected. A vertex v ∈ V (G) is a simplicial vertex if N (v) is a clique.
A path in G is an induced subgraph isomorphic to a graph P with k + 1 vertices p 0 , p 1 , . . . , p k and with E(P ) = {p i p i+1 : i ∈ {0, . . . , k − 1}}. We write P = p 0 -p 1 -. . . -p k to denote a path with vertices p 0 , p 1 , . . . , p k in order. The length of a path is the number of edges in it. A path is odd if its length is odd, and even otherwise. For an integer k ≥ 4, a hole of length k in G is an induced subgraph isomorphic to the k-vertex cycle C k , and an antihole of length k is an induced subgraph isomorphic to C k . A hole (or antihole) is odd if its length is odd, and even if its length is even. A claw consists of four vertices, say a, b, c, d, with edges ab, ac, ad. A graph is claw-free if it contains no induced claw.
A graph is strongly perfect if every induced subgraph has a strong stable set. Strongly perfect graphs form a subclass of perfect graphs and have been studied by several authors ( [2, 6, 7, 9] ). A graph G is minimal non-strongly-perfect if G is not strongly perfect but every proper induced subgraph of G is. Some results concerning the structure of minimal non-strongly-perfect graphs have been presented in ( [1, 4, 5] ). In [8] , a characterization of claw-free strongly perfect graphs by five infinite families of forbidden induced subgraphs was conjectured, and this was proved by Wang [10] in 2006. Recently, a new shorter proof of this characterization was given in [3] . Nevertheless, the characterization of strongly perfect graphs in general remains open. A conjecture in this direction was presented in 1990.
Conjecture 1.1 ([8]). A graph is strongly perfect if and only if it contains no odd holes, no antiholes
of length at least six, and none of the Graphs I, II, III, IV, V shown in Figure 1 .
(Although we refer to them as "graphs" for convenience, they are actually infinite families of graphs. Also, in all the figures throughout the paper, "odd" refers to the length of the specified paths, and "even" refers to the length of the specified holes.) Later, in 1999, another minimal non-strongly-perfect graph, proposed by Maffray, appeared in a paper of Ravindra [9] (see Graph VI in Figure 1 ). To the best of our knowledge, this is a complete list of minimal non-strongly-perfect graphs that have appeared in the literature. Here, we extend the list by providing several new infinite families of minimal non-strongly-perfect graphs.
Preliminaries
We start with a remark about one of the graphs listed in Conjecture 1.1. Let G be Graph V in Figure  1 . For i = 1, 2, let P i be the u i v i -path in G, as shown in Figure 2 (left). It can be checked that G is not minimal non-strongly-perfect unless P 1 is odd and P 2 is of length one, that is, u 2 is adjacent to v 2 . Therefore, from now on, when we say Graph V, we refer to the graph shown in Figure 2 We continue by stating some observations and proving a few lemmas that we will use later. 
Proof. We prove that if C is a maximal clique in H, then C is a maximal clique in G. Suppose not.
Since B is anticomplete to A, we deduce that C ⊆ K, and so C = K as K is a clique. This is a contradiction in the first case since C = K = {k} is not a maximal clique in H as k is not anticomplete to A, and a contradiction in the second case since no vertex in B is complete to K. Thus, every maximal clique of H is also a maximal clique of G.
If v is a simplicial vertex in a graph G, and S is a strong stable set of G \ {v}, then either S or S ∪ {v} is a strong stable set of G.
Lemma 2.3. Let G be a minimal non-strongly-perfect graph. Then, G has no simplicial vertex.
Proof. Let v be a simplicial vertex of G. By minimality of G, the graph G \ v is strongly perfect. Now, by Observation 2.2, it follows that G has a strong stable set, a contradiction.
The basis of a graph G, denoted by B(G), is the set of all proper induced subgraphs of G with no simplicial vertex. We say that G has a strong basis if the graphs in B(G) are all strongly perfect. Let G be a graph with a strong basis. In view of Lemma 2.3, if G has a strong stable set, then G is strongly perfect, and if G has no strong stable set, then G is minimal non-strongly-perfect. It is easy to check that the graphs in Figure 3 have a strong basis and a strong stable set, and therefore they are strongly perfect. Observation 2.4. Let k, m, n ≥ 4 be even. The graphs A 1 , . . . , A 6 in Figure 3 are strongly perfect. We now introduce three graphs that play a role in constructing new minimal non-strongly-perfect graphs. A larva is a graph with vertex set {v, c 1 , . . . , c k } where {c 1 , . . . , c k } is an even hole and v is adjacent to c 1 , c 2 , as in Figure 4 . A pupa is a graph with vertex set {v, c 1 , . . . , c k , p 1 , . . . , p t } where • {c 1 , . . . , c k } is an even hole,
• there is no edge other than the ones specified above.
A butterfly is a graph with vertex set {v, a 1 , a 2 , . . . ,
is an even path of length at least two,
• there is no edge other than the ones specified above. Figure 4 : A larva, a pupa, and a butterfly
We call v the head of the larva (resp. pupa, butterfly). The edges vc 1 , vc 2 of a larva D are called the side edges of D. Larvas, pupas, and butterflies are strongly perfect as they have a strong basis and a strong stable set.
New minimal non-strongly-perfect graphs
In this section we present different ways of obtaining new minimal non-strongly-perfect graphs.
Desirable/Undesirable heads
Let G be a strongly perfect graph and let v ∈ V (G). We say that For i = 1, 2, let G i be a strongly perfect graph and let v i ∈ V (G i ) be a desirable or an undesirable vertex. If v 1 , v 2 are both desirable or both undesirable, one can obtain a minimal non-strongly-perfect graph by connecting v 1 and v 2 via an odd path. If one is desirable and the other is undesirable, one can obtain a minimal non-strongly-perfect graph by connecting v 1 and v 2 via an even path. We note that Graph II shown in Figure 1 is obtained this way. In view of Observation 3.1, instead of connecting two larvas via an odd path, we connect two pupas via an odd path, or two butterflies via an odd path, or a pupa and a butterfly via an even path, as shown in Figure 5 . Figure 5 are minimal non-strongly-perfect.
Proof. Let G be the graph obtained by connecting the heads v 1 , v 2 of two pupas C 1 , C 2 via an odd path R = v 1 -r 1 -r 2 -. . . -r n -v 2 , as in Figure 5 . We first show that G does not have a strong stable set. Assume for a contradiction that S is a strong stable set in G. For i = 1, 2, since v i is a clique cutset satisfying the assumption of Lemma 2.1, by Observation 3.1 and Lemma 2.1, it follows that v 1 , v 2 / ∈ S. Since {v 1 , r 1 }, {r 1 , r 2 }, . . . , {r n−1 , r n } are all maximal cliques of G, we have r 1 , r 3 , . . . , r n−1 ∈ S. Then, r n / ∈ S, a contradiction since r n , v 2 / ∈ S but {r n , v 2 } is a maximal clique in G. Next, we show that G has a strong basis. Figure 5 , and we leave it to the reader to check.
Evolution of a larva
Subdividing an edge uv means deleting the edge uv, adding a new vertex w, and adding two new edges uw and wv. Let D be a larva with vertices labeled as in Figure 4 . Evolution is the following operation: subdivide a side edge of D, say vc 1 , an even number of times (i.e., replace vc 1 with an odd path of length at least three from v to c 1 ), and make c 2 complete to the new vertices. So, a pupa T is obtained from a larva D by evolution. We say that T is obtained from D by evolving the side edge vc 1 .
Let H be a minimal non-strongly-perfect graph that contains a larva D. In H, we would like to evolve a side edge of D with the hope of obtaining a new minimal non-strongly-perfect graph G. When applicable, we allow several applications of evolution to different side edges of different larvas in H. We say that a graph G is an emanation of H if G can be obtained from H in this way. For instance, the graph obtained by connecting two pupas via an odd path as in Figure 5 is an emanation of Graph II shown in Figure 1 . We show that emanations of Graphs III, V, and VI, shown in Figure 6 , yield new minimal non-strongly-perfect graphs. Figure 6 are minimal non-strongly-perfect.
Proposition 3.3. The graphs in
Proof. Let G 1 , G 2 , G 3 be the graphs shown in Figure 6 , from left to right respectively. Note that in G 3 , we have e 1 = c 2 , e 2 = d 1 , and we label the vertices that are not labeled in G 3 as follows. Let the odd path from c 1 to d 1 be c 1 -p 1 -. . . -p t -d 1 , and let the odd path from c 2 to d 2 be c 2 
e 3 en p 1 q ℓ Figure 6 : New minimal non-strongly-perfect graphs For i = 1, 2, 3, we first show that G i does not have a strong stable set. Assume for a contradiction that G i has a strong stable set S i .
(1)
For i = 1, 2, 3, exactly one of c 1 , c 2 is in S i , exactly one of d 1 , d 2 is in S i , and exactly one of e 1 , e 2 is in S 3 .
Proof. We prove that exactly one of c 1 , c 2 is in S 1 . The proof is the same for the other assertions. Clearly, not both c 1 and c 2 is in S 1 as c 1 is adjacent to c 2 . Assume
In G 1 , by (1), we have c 1 , d 1 ∈ S 1 . Thus, p 1 , p t , c 2 , d 2 / ∈ S 1 . As {p 1 , p 2 , c 2 , d 2 } is a maximal clique of G 1 , we deduce that p 2 , ∈ S 1 , and so, p 3 / ∈ S 1 . Since {p 3 , p 4 , c 2 , d 2 } is a maximal clique of G 1 , we have p 4 , ∈ S 1 , and so, p 5 / ∈ S 1 . Continuing this argument along the path
In G 2 , since {v 1 , c 2 } and {v 2 , d 1 } are clique cutsets, by Lemma 2.1 and Observation 3.1, we have v 1 , v 2 / ∈ S 2 . As {v 1 , r 1 }, {r 1 , r 2 }, . . . , {r n−1 , r n } are all maximal cliques of G 2 , we have r 1 , r 3 , . . . , r n−1 ∈ S 2 . Then, r n / ∈ S 2 , a contradiction since r n , v 2 / ∈ S 2 but {r n , v 2 } is a maximal clique in G 2 . In G 3 , by (1), we deduce that either c 1 , d 1 ∈ S 3 , or c 2 , d 2 ∈ S 3 . By symmetry, we assume c 1 , d 1 ∈ S 3 . Thus, p 1 , p t , c 2 / ∈ S 3 . Then, since {p 1 , p 2 , c 2 } and {p t , p t−1 , c 2 } are maximal cliques of G 3 , we have p 2 , p t−1 ∈ S 3 . So, p 3 , p t−2 / ∈ S 3 . Then, since {p 3 , p 4 , c 2 } and {p t−2 , p t−3 , c 2 } are maximal cliques of G 3 , we have p 4 , p t−3 ∈ S 3 . Continuing this argument along the path p 1 -. . . -p t , we reach a contradiction since the path p 1 -. . . -p t is odd. This completes the proof that G i does not have a strong stable set.
Next, for i = 1, 2, 3, we show that the graph G i has a strong basis. The graph G 1 has a strong basis since B(
is strongly perfect because the set {d 1 , d 3 , . . . , d m−1 , v 1 , r 2 , r 4 , . . . , r n , c 1 , c 3 , . . . , c k−1 } is a strong stable set in F , and F has a strong basis since B(F ) = {A 1 , A 3 , A 4 , A 5 , T }. Now, G 2 has a strong basis since
. . -e n -e 1 denote the even holes in G 3 , and let P = p 1 -. . . -p t and Q = q 1 -. . . -q ℓ denote the odd paths in G 3 . Notice that the graph 1 , c 3 , . . . , c k−1 , p 2 , p 4 , . . . , p t , q 1 , q 3 , . . . , q ℓ−1 , d 2 , d 4 , . . . , d m } is a strong stable set in J, and J has a strong basis since B(J) = {A 1 , A 3 , A 6 }. Hence, J is strongly perfect. Now, G 3 has a strong basis since B(G 3 ) = {A 1 , A 3 , A 4 , A 5 , A 6 , T, H, J}.
Mutation of a larva
Let D be a larva with vertices labeled as in Figure 4 . As previously described in Section 3.2, a pupa P can be obtained from D by evolution. Another way of describing how to obtain a pupa P from D is as follows. Assume that k ≥ 6 and let i be an odd number such that 5 ≤ i ≤ k − 1. A pupa P can be obtained from D by making c 2 complete to {c i , c i+1 , . . . , c k }, i.e., by adding an even number of chords from c 2 to its far side of the even cycle in D. In this case, we say that c 2 is mutating towards
is an even hole after c 2 mutates towards c i (and the new graph is a pupa). We could also add an even number of chords from c 1 to its far side of the even cycle, that is, for some even number j with 4 ≤ j ≤ k − 2, we make c 1 complete to {c 3 , c 4 , . . . , c j }, in which case we say c 1 is mutating towards c j . However, at most one of c 1 , c 2 is allowed to mutate.
Let D be a larva (with vertex labels as in Figure 4 ) in a graph G 0 . For j = 1, 2, . . . , n, let G j be obtained from G j−1 by mutating c i j−1 towards c i j where i 0 = 1 and 4 ≤ i 1 , i 2 , . . . i n ≤ k. This operation is called mutation and we call the graph G n a mutated G 0 . A mutated pupa and a mutated butterfly are shown in Figure 7 , where the mutated pupa is obtained by mutating c 1 towards c 4 , then mutating c 4 towards c k−1 , and then mutating c k−1 towards c 6 . It is immediate to show that mutated pupas and butterflies are strongly perfect. Moreover, Observation 3.1 holds also for mutated pupas and butterflies, i.e., the head of a mutated pupa is undesirable, and the head of a mutated butterfly is desirable. This suggests that we can obtain new minimal non-strongly-perfect graphs by connecting mutated pupas and butterflies via an even or odd paths, as before. More generally, we invite the reader to check that the following holds. We omit the proof as it is similar to the proofs of Proposition 3.2 and 3.3. Proposition 3.4. Let G 1 , G 2 , . . . , G 6 be the graphs shown in Figure 5 and Figure 6 . For i = 1, . . . , 6, let G ′ i be a mutated G i . Then, G ′ i is a minimal non-strongly-perfect graph.
Proposition 3.4 provides several new minimal non-strongly-perfect graphs. Other new minimal non-strongly-perfect graphs can be obtained by considering different possible mutations of Graph IV. Two of them are shown in Figure 8 . We again omit the proof and leave it to the reader. Proposition 3.5. The graphs in Figure 8 are minimal non-strongly-perfect. even even even even even even Figure 8 : New minimal non-strongly-perfect graphs While obtaining a complete list of minimal non-strongly-perfect graphs appears to be out of reach, one might conjecture that the characterization of outerplanar strongly perfect graphs can be obtained through the minimal examples given in this paper.
